In a framework for long-range density-functional theory we present a unified full-field treatment of the asymptotic van der Waals interaction for atoms, molecules, surfaces, and other objects. The only input needed consists of the electron densities of the interacting fragments and the static polarizability or the static image plane, which can be easily evaluated in a ground-state density-functional calculation for each fragment. Results for separated atoms, molecules, and for atoms/molecules outside surfaces are in agreement with those of other, more elaborate, calculations.
The ubiquitous van der Waals interaction needs an efficient and accurate description in many contexts such as interacting noble-gas atoms, van der Waals complexes, physisorption, interacting macroscopic neutral bodies, liquid-crystal interactions, solute-solvent interactions, and soft-condensed matter. For dense matter the density-functional theory (DFT), 1 with its localdensity (LDA) 2,3 and generalized-gradient approximations (GGA), 4-7 is a clear success. Ground-state and thermodynamic properties of increasingly more complex systems are now being calculated with a practically very useful accuracy. As the world around contains far more objects than just hard solids, a generalization of these methods to also account for the van der Waals forces is in great demand. These forces are an inherent property of the exact DFT 8 and it is thus a question of providing an approximate van der Waals density functional that is generally applicable, efficient, and accurate, and that per definition is a functional of the density only. Earlier we 9,10 and others 11, 12 have proposed such functionals and shown them to give useful results in significant applications. For a review, see Ref. 13 . Until now, however, there has been a certain asymmetry in our treatment of "small" and "large" objects, respectively, which will be remedied in this paper.
The starting point for our functionals is the exact expression for the exchange-correlation energy E xc as an integral over the coupling constant λe 2 , the so-called adiabatic connection formula (ACF) 3,14
whereñ =n − n,n being the density operator, and . . . n,λ means that the integration is performed with a potential V λ present, keeping the density equal to n(r).
To second order perturbation theory in the interaction V ab between two separated objects a and b the ACF can be cast into the form 8,15
Our evaluation of this energy is based on two approximations. First we introduce a local dielectric function that depends on the local electron density. Second, we limit the volumes of the interacting objects by using a cutoff, an idea first introduced by Rapcewicz and Ashcroft, 16 outside which the response to an electric field is defined to be zero. We thus have the dielectric function
where
The cutoff is implemented via the function κ(n(r)), which is either unity or zero, following the notion discussed earlier 9 that the local approximation for dielectric response greatly exaggerates the response in the low-density tails, where it is better to assume no response at all.
These approximations are common for all of our three model systems -interacting atoms or molecules, 9,17 an atom or molecule interacting with a planar surface, 10, 18 and finally two interacting surfaces. 19 However, we have earlier treated the electrodynamics on different levels for "small" and "large" objects. Normally, local electrodynamics means a local relationship between the polarization P and the total electric field E
which we use for surfaces. For atoms, however, the calculations get somewhat more complicated than in the surface case when using Eq. (5). For instance, the electrodynamics must be solved numerically for each frequency. Our earlier approach for atoms and molecules has approximated the local polarization by
which implies the relation
which is certainly wrong for macroscopic objects, but gives surprisingly good results for atoms and molecules. 9, 17 However, the optimum cutoff position defined by κ(n(r)) is somewhat larger for the approximate electrodynamics, and this fact seems to mitigate some of the deficiencies of this previous approximation. To obtain a unified treatment for different objects, and also to test our approximation for the dielectric function, this paper presents the electrodynamics using Eq. (5) also for atoms and molecules. We apply it to the asymptotic van der Waals interaction of separated atoms, molecules, and parallel surfaces, 19 and show the results to be in agreement with those of other, more elaborate, calculations.
For two widely separated atoms or molecules the van der Waals energy is given by E vdW = −C 6 /R 6 , where the van der Waals coefficient is 20,21
and α j (iu) is the polarizability of atom j. To calculate α(iu) we solve ∇ · D(r) = 0, for each frequency in the presence of an applied constant electric field E 0 . The displacement D(r) is given by ǫ(ω; n(r))E(r) and E(r) = −∇φ(r). Thus we solve the equation
where ǫ(ω; n(r)) is given by Eqs. (3) and (4), and with the boundary condition that E approaches E 0 at infinity. The cutoff function κ(n(r)) must however first be defined. For surfaces the cutoff is found by taking the static limit of the surface response, 10 which implies that the cutoff should be defined by the static image plane d(0). In order to have a common cutoff scheme for both atoms, molecules, and surfaces, and in addition to implement the requirement introduced for surfaces that the static polarization response be accurate, it is expedient to simplify the scheme used previously for atoms and molecules. This is done by choosing the cutoff function κ according to
where c is a constant. For atoms and molecules, compared with the original scheme that uses both the density and its gradient, the practical effect of (10) is to eliminate any cutoff in the intra-shell regions. We have found that inclusion of the cutoff in the intra-shell regions as before results in a median reduction of the predicted values of the C 6 coefficients of 12% for the atom pairs calculated here. The extent to which these intra-shell corrections should be included even in principle is arguable, and since they are small, we have therefore opted for the simpler scheme (10) . Adapting the analogue of the procedure used when the full-field scheme is applied to surfaces, 10 we fix the constant c in (10) so that the static polarizibilities are accurate. For a spherically symmetric species, this means that the volume V inside which the step function in (10) is nonvanishing is simply V = (4π/3)α(0). For species without spherical symmetry, we choose c so that the isotropic polarizabilities,ᾱ(0) [see Eq. (12)], are correct. This scheme seems to underestimate the anisotropy of the molecular polarizability; if an accurate anisotropy is important the cutoff function should be modified so that the elements of the diagonalized static polarizability tensor are reproduced.
The solution of Eq. (9) is done with a finite element method with an adaptive net. 22 In this way we have a general method for all geometries. To secure a reasonable numerical accuracy (5%) at small frequencies, we here represent α(iu) by the expression a+b/(1+u 2
/c
2 ), where a, b and c are fixed by a smooth continuation of highfrequency results. In Table I calculated van der Waals coefficients for a number of pairs of identical atoms are given, together with the static polarizability used when defining the cutoff. In Figure 1 calculated C 6 values both for identical and mixed pairs of atoms are plotted against results from more accurate calculations. The values compare very well with results from other calculations, with the close agreement indicated by the narrow spread of the points around the diagonal. Especially the results for alkali and alkaline earth atoms are much improved compared with our earlier calculations. 9 In Figures 2 and 3 the dynamic polarizability from our calculations are compared with reference calculations. Figure 2 for He is a worst-case example, with a 12% error in C 6 , while Figure 3 for Be is a best-case example, with a C 6 right on the reference value.
Results for a few molecules are given in Table II , with results agreeing very well with literature values. The largest molecule for which we have so far calculated the van der Waals coefficient is fullerene, C 60 . Recently the dispersion energy between two fullerenes has been computed from first principles in time-dependent DFT, which gives the van der Waals coefficient C 6 = 253 kRy a In Tables I and II the characteristic frequencies, u 0 , corresponding to London's empirical formula
where A and B denote the two fragments, are also given.
This formula provides an easy way of estimating isotropic van der Waals coefficients for mixed pairs of atoms and molecules.
27,28
In Table II we have only given the isotropic dispersion coefficients for the molecules, that is, we have used the averaged polarizability α(iu) in Eq. (8), where
It is easy, however, to calculate the anisotropic corrections, in addition. A simple example is for two interacting identical linear molecules, where the anisotropic coefficients C ′ 6 and C ′′ 6 control the orientation-dependent part of the long-range interaction according to 
these coefficients can be written
and
Calculating the anisotropic coefficients for H 2 we obtain C ′ 6 /C 6 = 0.08 and C ′′ 6 /C 6 = 0.007. Accurate values are C ′ 6 /C 6 = 0.1 and C ′′ 6 /C 6 = 0.01. 29 The anisotropy is thus underestimated slightly with the simple cutoff scheme described above. In Figures 4 and 5 our calculated α zz (iu) and α xx (iu) for H 2 are compared with accurate results.
For an atom or molecule a distance d outside a surface, the asymptotic van der Waals energy is given by
where the van der Waals coefficient is
and with the van der Waals plane
In these expressions, ǫ b (iu) is the bulk dielectric function, and d(iu) is the centroid of the induced surface charge caused by an electric field oriented perpendicular to the surface and varying in time like e ut . Our earlier calculations 10,18 of C 3 and Z 0 have used the exact electrodynamics, Eq. (5), for the surface but the approximate treatment, Eq. (6), for the atom and molecule. In this paper we use Eq. (5) also for the latter. In Table III calculated values for C 3 and Z 0 are given for He and H 2 outside jellium, showing a very good agreement with other more elaborate calculations.
Including the orientational dependence that results from the anisotropy of the molecular polarizability, the energy for a homonuclear diatomic molecule is to first order given by
where θ is the angle between the molecule axis and the surface normal.
is given by Eq. (18) and
In Table III the ratio C
3 /C (0) 3 is given for H 2 outside jellium. We find this ratio to be around 0.05 in agreement with Ref. 31 .
We have in this paper refined the electrodynamical treatment of atoms and molecules within our previously presented density functional framework, thereby unifying our approaches for objects of different sizes. The calculated polarizabilities and van der Waals coefficients are in good agreement with results in the literature. This gives a possibility to easily calculate these quantities for complex systems with useful accuracy. 
